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HTkona auarBuctukm, 2025-26 y4. rof
JIuHeliHas ajsredpa U MaTeMaTUYECKUI aHAJIN3
Jlekuus 4. Ilpenensr dpyukumii. (16.09.2025)
. A. Quaumoros

1 Ilpenenbr dpyHKINiT B KOHEYHBIX TOYKAX.

o cux 1mop Mbl pacCMaTpUBAJIM TOJIBKO CIydau, KOrja apryMeHT (DyHKIUU (HATYDPAJIbHBIA, a
3aTeM JiI000ii BEleCTBEHHBIN) CTPEMIINCh K GeckoHedHOoCTH. [IJisi HaTypaJbHbIX YuUCes JIPYyTUX
BApUAHTOB HE OBLJIO, JJIsi BEIIECTBEHHBIX JT00ABJISAJICS TOJIBKO 3HAK OECKOHEYHOCTHU, HO UTO Me-
IaeT PacCMOTPETh IMpejiesl B KOHedHOl Touke? OtmpesesieHne, KOTOpoe ObLIO paHee, HEOOXOINMO
HEMHOXKKO YCJIO?KHUTD, OJIHAKO €0 CMBICJI OY/JIET OCTABATHCS TEM K€ CAMBIM: YeM OJIMKe JOJIK-
HBI OBITh 3HaYeHNsT (PYHKIINUA K IUCTY A, KOTOPOE MBI XOTUM CUUTATDH MPEeIejoM (PYHKIUHA, TEM
OJIMKe apryMeHT JIOJIPKEH ObITh K 9HUCJIY T, B KOTOPOM MbI HIIEM 3TOT Ipejies. Baxknas jeTaJib:
KOT'Jla MBI cUUTaeM Ipejes PYHKINNH B KOHEUHOH TOUYKE, Mbl PACCMATPUBAEM BCIO (DYHKITUIO B
OKPECTHOCTH ITOI TOYKM, HO HE B HEll caMoil. DTo OyJIeT HYKHO JJIs JAJIbHENIIero akKypaTHOro
ITIOCTPOEHUsT TEOPUH.

Ha pucynke nmxe y dynkiun f(x) B TOUKe z( 3HAUEHNE BBIKOJIOTO, 9TO 0OO3HAYACTCSI CTPE-
JIOUKAMU Ha caMoil (YHKIINK U CHHEH TOUKO# Boimte. Jljiss Toro, urobbl 3HaYeHUsT PYHKIIUU OKa-
3aJIMCh B 1ojioce 0T A — & 10 A 4 &, apryMeHT IpuxoauTcst 6paTh OT xg — & J0 g + 6.

To— 0 dy) T+ 0

Ompenesenne mpeiesia MOKHO 3aIHCATh HA (DOPMATHHOM SA3BIKE ¢ TIOMOIIBIO KBAHTOPOB:

lim f(z) =A&Ve>030:Vo:0< |z —a0| < = |f(zx) - Al <e

T—T0

2 CaoiicTBa npeaesios.

Bce cBoiicTBa mist pe/iesioB dbyHKIWA B ToUYKax (M B OECKOHEYHOCTSIX) OKA3BIBAIOTCS B TOYHOCTH
TaKUMU Ke, KaK JJIsl IPeIesIoB mocjaeaoBaTeabHocTeil. Eeau cymecTByoT mpeaesbl mocaeaoBa-
TEJIbHOCTENA B JIEBOA W MPABOA 4aCTAX PABEHCTBA, TO
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lim (f(z) + g(z)) = lim (f(z)) + lim (g(z))

Tr—T0 T—T0 T—T0

lim (f(z) - g(x)) = lim (f(z)) - lim (g(z))

T—xQ T—T0 T—TQ

Eciin, nomumo TpeboBanust CyIecTBOBAHUS MIPEJIEJIOB TocenoBaTeabHocreil, g(x) # 0u li)m (9(z)) #
T—>T0

0, To

lim
T—T0

(f@)) B xlgngo(f(x))
g(x)/  lim (g(x))
Takzke paboTaioT Bce CBOMCTBa KOI/a IIPEe/ paBeH HYJIIO WId OECKOHEIHOCTH.

Ec lim (f(z)) = 0o, 10 lim <f(1x)) =0

Tr—xT0 T—T0

Ecmn lim (f(x)) =0, u upu stom f(x) # 0, To lim (f) = 00.

T—TQ T—T0

3 3amevaTesbHbIE IIPE/IEJIbI.

Panbiiie mMbr y2ke oOcyxkpanu 2-ii 3amedaresibHbil mpeses. s npeaenos dyHKIuil ectb ero
aHaJIOT, IPUYIEM B JBYX (popMax:

=€

Ho pas cymecTByer 2-if, 3HAUUT I0J2KEH OBITH U 1-ii 3aMedaTenbHbIA mpemes! 1o lig%] =
xX

Ucxommo oH mpeacTaBisieT u3 cebsl HEONPeaeIEHHOCTh BUIA [%], OTHAKO HET HUKAKOI IPOCTOIt
BO3MOXKHOCTH BBIJIEJINTh B YHUCJATE/E COMHOXKUTEJIb, OOPAIIAOIIUN ero B HOJb, KOTOPHIH OBl
COKPAIIAJICS CO 3HaMeHaTe/IeM. 1eM He MeHnee, MOXKHO JIOKA3aTh, 9TO JaHHAA (DYHKITNT CTPEMUTCSI
K YUCHY:

sinx

lim =1
x—0 X

4 IIpumepsl.

PaccmoTpuM HECKOIBKO ITPUMEPOB:

. 3 —1 . M(JZ2+ZU+1) . 2
HpHMepl.iﬂ<x_1>—hm< P )—al:l_)ml(x +z+1)=3

MpeI BOCIOJIB30BaINCh KaK pa3 TeM (PaKTOM, UTO IpU HOJCUYETe mpenesia x # 1, a moromy
COKpAIlaTh YUCJIUTE/h U 3HAMEeHATE/b Ha HEHYJIEBOE YHCJIO 3aKOHHO.
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. . 7T
Ilpumep 2. lim (sm (—)) He CyIIeCTBYeT.
z—0 x
eiicTBuTeIbHO, HE BaXKHO, HACKOJILKO OJIM3KM 3HAYEHHS T K HYJIIO, BCE PABHO 3HAYEHUS
cunyca 6bBaoT or —1 j10 1. Harsigao 1o BugHO Ha rpaduke.

[

—+ 2 (04 06 08 1

QopMaabHOE Ke T0Ka3aTeJbCTBO KaK pa3 ONMPAeTCsl Ha OIpeflefieHre Ipefena 1o [eiine:

1 . . T
JIJISI CTPEMSIIECsT K HYJIIO TOCJIEI0BATEIbHOCTH T,, = — Tpenes yHkimn lim | sin | — =
n n—00 Tn

0, a Jyis Ipyroii cTpeMsiIneiicss K HYJI0 MOCJIeI0BATEIbHOCTH Y, = ——— Hpelea (PYHKIUHT

2n + 0.5
lim <sin <7T>> =1
n—oo yn

IIpumep 3. lim (tgz) = 00. DT0 JerKo BuAeTh U3 TpaduKa TAHIEHCA, OJHAKO MBI HE MOYKEM
z—Z
2
™

YKa3aTb 3HaK 66CKOH€LIHOCTI/I, IIOCKOJIbKY 3Ha4YeHnsd TaHI'€eHCa B OKPECTHOCTHU b OBIBAIOT Kak
ITOJIOZKUTEJIbHBIC, TaK U OTPpUIlaTE/IbHbIE.

5 OJHOCTOPOHHUE IIPEIEJIbI.

B npumepe [3] Mbl He Mo yKazaTh 3HAK GECKOHETHOCTH OCKOJIBKY C OJIHON CTOPOHBI (byHKIMS
CTPEMUTCA K —00, a € Apyroit — K +00. K cuacTbio, y HAC eCcTh Clenua bHbIi CUMBOJI O€33HAKOBOI
OGECKOHETHOCTH KaK pa3 Jiuist Takoro ciaydas. OgHako Tak ObIBaeT JAJIEKO He Beerya. PaceMoTpum
QYHKIIUIO CUTHYM:

-1, <0
sgn(z) =<0, z=0
1, x>0

Fe rpaduk BuIrIsauT ciiepyommum o6pasoM:
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—
B

B Touke 0 mpenesna y He€ He CYIIECTBYET, IOCKOJBKY B JIFOOOW OKPECTHOCTH HYJIsI 3HAUECHUS
dyukun 6pBaroT 63K U K 1, 1 K —1. OaHaKko mo rpaduKy BUIHO, ITO €CJIM ObI MBI Pa3periain
HOJIXOUTH K ToUKe () TOJIBKO € OJ[HON CTOPOHBI (CJI€BA MJIU CIIPABA), TO IPEJIEsT MOXKHO ObLIO Ob
ompenesuThb. st TaKuX ciIiyuaeB BBOIAT MOHSATHE 00HOCMOpoHHe20 Tipeaea. CMBICT ero B TOM,
9TO eCJIM MBI pas3pelraeM IOAXOIUTh K TOYKE TOJBKO CJI€Ba, TO B OIpPEIEJICHHH OepEéM JINIIb
xr < Tg, & €cJIu CIIpaBa, TO T > (.

K coxaJsiennio, HeT HEKAKOro OOIIEYIOTPEOUTETIHLHONO BapuaHTa JIjisi 0003HaYeHUsI OIHOCTO-
POHHEUX IIpejiesioB. HiKe NMpuBeeHBI Te, KOTOPBIE dallle BCTPEUYAIOTCS B JINTEpAType, OIHAKO
aBTOPBI MOI'YT IPUIYMATh U YTO-TO CBOE.

IIpenen cnesa | Ilpenen cupasa
acl—lgl— f(x) xl—lgl-i— f(.%’)
lim f(x) lim f(x)
z—a~ mﬁa""
xgglo f(@) xggjro f(z)
xllianfo f(x) xll)zr}ro f(-%')
lim f(z lim f(x
1 /af( ) m\af (x)
li%n f(zx) liin fx)

Mpbr 6yaeM HMCIOJIB30BATH O0DO3HAYEHHUS U3 MEPBOi cTpodku. st mpuMepoB, KOTOPBHIE MBI
pa3bupaJin BbIIle, MOYKHO 3aIIMCATD:

lim tg(z) = 4o00; lim tg(z) = —oo; lim sgn(x) =—1; lim sgn(z) = 1.

z—Z— =3+ z—0— z—0+

6 HemnpepbsiBHOCTD DYyHKITIIA.

Boiitie 1ipu onpejiesieHnn pejesia B TOYKEe Mbl pacCMaTPUBAIN 3HAYEHUsT (PYHKIIMU BO BCEX TOY-
KaxX psJIOM C TOH, Ijie MIIeM Ipeies, HO He B Heil caMoil. OKa3blBaeTcs, 9TO BarKHasl JIeTaJlb,
ITOCKOJIBKY MMEHHO OJ1arofapsi €if Mbl CMOXKEM OIPEIE/IUTh MOHSITHE HEIIPEPBIBHOCTH (PYHKIUN.
CaMO 110 ce6e IIOHATHE HEIIPEPBIBHOCTHU O6I)I‘{HO MOZKHO OIINCAaThb KaK BO3MOZKHOCTDL ITOCTPOCHU A
rpaduka GyHKINK He OTPbIBas KapaHgail or oymarn. OQHAKO B MaTeMaTHKE BCE JIOJI?KHO OBITh
CTPOTO U CIIEPBA BBOJUTCS MOHATHAE HEIIPEPHIBHOCTUA (DYHKIINK B OJTHON TOYKE: TO, KaK BEJIET cebst
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d)yHKIlI/ISI B OKPECTHOCTHU TOYKU (Kyﬂa OHa CTpeMI/ITCH), JOJIZKHO COBIIaJlaThb CO SHaA4YCHHEM 3TOM
TOYKeE.

lim f(z) = f(zo)

Tr—xT0

OkasbiBaeTcst, UTO Terepb, ecji NOTPebOBaTh, YTOOBI 3TO YCJIOBUE BBIMOIHSIOCH BO BCEX
WHTEPECYIONNX HAC TOYKAX, TO (DYHKIINA OKAXKETCsT HEITPEPBIBHON U B YKA3aHHOM BBITIIE€ OBITOBOM
noHuMaHun. KCTecTBEHHO BO3HUKAET BOIIPOC IIPO 3JIEMEHTapHble (DYHKIMM — B KAKUX TOYKAX
OHM HEIIPEPBIBHBI, & B KaKNX HeT? OTBeT OKa3bIBa€TCsd JOBOJILHO IIPUATHBIM: BCE 3JIEMEHTapPHbIC
yHKIINK HEIPEPBIBHBI Ha cBOEit 0bjiacTu onpejeserns. OqHAKO OBIBAIOT U pa3PBhIBHBIE (DYHKITHH
BpOJIE % B HyJIe (OHA TaM He OIPeJIeJIeHa 1 II09TOMY [IPABHJIO JJIsl SJIeMEeHTapHbIX (DYHKIMI Ha 9Ty
TOYKY HE PACIHPOCTPAHSIETCS, HO KAKUM Obl 3HAYEHHEM €€ TaM He JOOIPEIe/INTh, HEelPEPbIBHAS
dbyuKIws He osyunTcst), win sgn(x), rpaduk Koropoii 6b11 Bbie. OKa3blBACTCsI, YTO PA3PHIBBI
dyHKIMN TO2KE OBIBAIOT PA3HBIMU U HUKE MbI PACCMOTPHUM HX KJIACCU(DUKAIIHIO.

PazpsIBBI 1IEPBOTO po/ia.

K srum pazpbiBam oTHOCATCH Ciydan, KOUJa MpeJesl B TOYKe CYIIeCTBYET, HO He paBeH 3Ha-
qeHn0 (QYHKIMU B TOUYKE, JIUOO caM Ipejesl He CYIIECTBYET, HO CYIIECTBYIOT OJIHOCTOPOHHUE
npesesbl. PaccMoTpuM 9TH 1Ba CIydas.

Ecmn cymecrByer Ili_>r££10 f(x), HO ero 3HaUeHME HE PABHO 3HAYEHWIO (DYHKIUU B TOUYKE I(, TO

JIOCTATOYHO U3MEHHUTDH 3HaUeHNe (DYHKIIUH B 9TOi TOUKe (Bcero onHoit!) n B Heit dyHKims craHer
HernpepbIBHON. Takoil pa3pblB HA3LIBAIOT YCMPAHUMBLM PA3PHIBOM.
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CireBa y QyHKIUH YCTPAHUMBII pa3pbiB B TOUKE Tg = 1, a cripaBa apyrasi GyHKIHS, KOTOPasT
OTJIMYaeTCsd OT IEePBOM JIMIIbL B OJHON TOYKE, HO 3aTO CTaJla HEelIPEePbIBHOM.

Jlpyroii ciiy4ailt HA3BIBACTCS PA3PHIBOM MUNG CKAYOK: B 9TOM CJIydae CyIIeCTBYIOT, OIHOCTO-
pOHHEE TpeJiesibl B TOYKE To, HO OHU HE PaBHBI MeXKy coboil. B srom ciyuae yxke He BaxKHO,
KaKOoe UMEHHO 3HaueHue NpUHUMAaEeT cama (PYHKIIU B 3TOM TOYKE, U3MEHEHUEM ITOr0 3HAUCHUS
¢/iesiaTh (PyHKITUIO HEMIPEPBIBHOM He MOy IuTCsd. B KadecTBe IpuMepa MOJIXOUT PACCMOTPEHHbBIH
Bbiie rpaduk dynkiun sgn(x)

PaszpsiBel BTOpOTO posa.

B ciyuae, korja xoTst ObI OJMH W3 OJJHOCTOPOHHUX IIPEJIEJIOB HE CYIIECTBYET, WM XK€ PABEH
OECKOHEYHOCTH, TOUKY TAKOI'O Pa3pbiBa HA3BIBAIOT TOUYKON paspwiea 6mopozo poda. Y paccMoT-
penHoii Beime dbyHKImy sin( %) Kak pas Takoii paspbis B Touke xg = 0. 1 Taxoii ke paspbis 6yer
y dyHKIINn % B HyJsie. ¥ obenx 3Tux HYHKINH TOBEJIEHNE OMHOCTOPOHHUX IIPEJIEIOB OJNHAKOBOE,
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HO /IS pa3pbiBa BTOPOro poja AO0CTATOYHO, YTOObI YKA3aHHBIA THI IIPOOJIEMbI ObLIT XOTsI ObI C
o/1HOM cTOpoHbI. PaccMmorpuM cireayrontyo MYHKIUO U ee rpadukK.
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Y He€ UMb OJIMH OJTHOCTOPOHHUI IIpeJies] paBeH OECKOHEYHOCTH, a BTOPOIH CYyIIECTBYET U
paBeH HYJIIO:

xl—l>%l— f(x) =9 xl—l>%l+ f(x) =t

Tem He MeHee, y 3T0# DYHKIMK B HYyJI€ TAKXKe Pa3pbIB BTOPOTO pOJia.
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