1 Omnpenesiennsd u mpocTeiilnne cBoiicTBa KOMOMHATOPHBIX
00BbLEKTOB

C 4ero maumHaeTcs KombnHaTopuka? B KakOM-TO cMBIC/IE OHa HAYMHAETCS C OTBETa Ha BO-
IIPOC: CKOJIBKUMU CIIOCOOaMI MOXKHO CPeId n 3J1eMeHTOB BbIOpaTh k 3yiemenTtoB? Ha camom
JieJie 9TO He OJIUH BOIIPOC, & YeThIpe — BBIOOPKA MOXKET OBITH YIOPSIOYEHHON U HEYIIOps-
JIOYEHHOM, TTOBTOPHBIN BBIOOD OJHOTO M TOrO Ke IJIEMEHTA MOXKET JIOMYCKAThCH, & MOXKET
HE JIOIYCKAThCs. YTOPSI0UeHHbIE BHIDOPKU HA3BIBAIOTCS PA3MEULCHUAMY WA HAOOPAMU, &
HEYTIOPSIIOUeHHbIE — covemanuamuy. Kak mpaBmio, 0 YMOTIAHUIO TI07 BBIOOPKON ITOHM-
MaeTcsi BBIOOpKa 0e3 MOBTOPEHWit, a eCc/ii pedb UJIET O BBIOOPKE C IMOBTOPEHUSIMHU, TO ITO
OTrOBapUBAETCs SIBHBIM 00Pa30M.

1.1 OO6mue coobpakeHnsd

Ecin MHO)KecTBO A CONEPXKUT N 9JIEMEHTOB (TO €CTh BBIOPATH OJNH JEMEHT U3 MHOXKECTBA
A MOXKHO N criocobaMn), & MHOXKECTBO B — m 971eMeHToB (TO €CTh BBIOPATH OJIUH SJIEMEHT
U3 MHOXKeCTBa B MOKHO m criocobaMn), U Hy?KHO BBIODATH OJIMH 9JIEMEHT U3 MHOKecTBa A
U OJIUH 3JIEMEHT U3 MHOXKeCTBa I3, TO TaKoil BEIOOD MOXKHO OCYIIECTBHUTB 7 - 1M, CIIOCODAMI.

ITpumep 1. B rpyrie 6 ronoreit u 15 aeByIiek, Hy>KHO BBIOPATH ITapy «IOHOIIA U JIEBYIITKA»
CpeJi IPUCYTCTBYIOMNX. DTO MOXKHO clenarh 6 - 15 = 90 crocobamu.

ITpumep 2. B crosopoit mmeercs gait, kode, KOMIIOT, Bojia 1 7 BUI0B Bbiliedku. CTyIeHTKa
cobMpaeTcs MepeKyCuTh KaKUM-HIOYIb HAITUTKOM ¢ Oys1o4ukoii. OHa MOXKeT BBIOpaTh MEPEKYC
4 -7 = 28 criocobamu.

3ameuaHue. B cosemax <«kak 6ce 8PeMA 00€6AMBCA NO-PAZHOMY NPU HEOOALWOM 2apde-
Pobe» MO NPABUAO UCTONDIYEMNCA NOCTMOAHHO (U KaAHCOuT Pa3 6bl0aeMCA 36 HEOOLIKHOGEH-
noe omxpwimue). Hanpumep, ecau y desywru umeemes 8 napv, 6prox, 2 1060xu u 4 xomouru,
mo y neé umeemcsa (3 + 2) -4 = 20 sapuanmos xomnaekmos. A ecau x amomy 00basumv
Napy HCAKEMOS, MO YUCAO BAPUAGHIMOE YMPAUBAEMNCA (MOHCHO NOTMU 6 00HOM U3 HCAKEMOE
uau 6e3 Hezo).

Daxmopua.som HATYDPATBHOIO YUC/Ia N HA3BIBAECTCS IPOW3BEICHUE BCEX HATYPAJbHBIX
qncen ot 1 g0 n. Obosnagaercs n!. g ymobersa camraercs, aro 0! = 1.
MoxkHO ompeIe/inTh (haKTOpHas IUC/Ia 0 WHLYKIHIH.

1. 0! =1.
2.nl=n-(n—1)"
Urak, mycTh ecTb n-3j1eMeHTHOE MHOXKeCTBO, Hanpumep, M, = {1,2 ... n}. Jagum or-

BE€T Ha BOIIPOC O YHUCJIE BbI60pOK k 3JIEMEHTOB U3 9TOI'0 MHOXKECTBA.

1.2 VYmopsijioueHHble BEIOOPKY C TOBTOPEHUsIME (pa3MeIeHusl C o-
BTOPEHUSIMH ).

ITpumep 3. Ilycrs y mHac numerorcs 20 pasinvHbIX KapaHjalieil u 7 siyKkoB (pasanaHbIX).
CroJIbKUME  crtoco0aMu MOXKHO DA3JIOKUTh Kapaugarm 1o simmkaMm?! [lepBorit kapammarn



MOKHO IIOJIOXKUTH B JIIOOOI M3 CeMHU SIIIIUKOB, BTOPOI — TOXKe B JIIOOOW M3 CeMU SIIIUKOB.
N Tak KaxKabplil KapaHIall MOXKHO IOJIOXKHUTH B JIIOOOW M3 ceMu saiukoB. Takum obpaszom
oJIy4aeM, 4TO BCErO0 UMeeTcs

7.o...-7="7"°=79792266297 612001 ~ 8 - 10'6
N——
20 pas

c11ocoboB pazmecTuTh 20 KapaHarieil mo 7 siuKam.

O606muM 3ToT puMmep. [lycTs v Hac mMeeTcst n pa3IMnIHBIX TPEIMETOB U k AmuKoB. To-
I/1a KaxKJIbIi IIpeJIMeT MOXKHO TOJIOKUTD B J1I000i u3 k amukoB. CrieJI0BaTeIbHO, MOy daeM,
YTO BCETO UMEEeTCs

k-...-k=k"
——
n pas

CII0CODOB Pa3MeCTUTDh 1. IIPEJIMETOB 110 K sIIIKaM.

IIpumep 4. AnajoruTaHBIM 00PA30M MOYKHO MTOCIUTATH, CKOJIBKO CYIIECTBYET CIIOCOOOB pac-
KpacuTh 15 pasjmaabiX npeaMeToB B 10 mBeTos. /leiicTBUTETHHO, TOCKOIBKY KaryKJIbIN TPeJI-
MeT MO>KHO PacKpacuTh B JIF0OOI 13 k 1IBETOB, TO BCEI'O CYIIECTBYET

10-...-10 = 10"
N——
15 pa3

CII0CO0OB PACKPaCUTH 15 pa3invHbIX 1peaMeToB B 10 1mMBeTOB.

IIpumep 5. Ilyctb y Hac umeercs 15 pas/jmaHbIX JepeBAHHBIX Urpyliek. CKOJTBKUMHI CIIO-
cobaMu MOYKEM UX PacKpacuThb B 5 I[BETOB (Ka}K,ZLyIO UT'PYIIKY KpacUM POBHO B OMH LLBGT)?
[IepBy1o Urpymky MoykeMm IOKPacUTh B OJIMH U3 D I[BETOB, BTOPYIO — TOXKE B OJUH W3
IIATHU 1[BETOB, W TaK KaxKJIyio u3 15 UrpyIieKk MoxKeM MOKPACUTh B OJIMH U3 5 IBETOB. Bcero
TIOJIy1aeM
5.5-...-5=>5%=30517578125 ~ 3 - 10'°.
15

Taxum 06pazoM, YUCIIO YIOPAI0UEHHBIX BBIDOPOK € TIOBTOPEHUSIME PABHO YUC/TY k-3HATHBIX
YHUCeJl B CUCTEME CUUCJIEHUS 110 OCHOBAHUIO 1, T. €. PABHO

n.

1.3 VYmnopsiodeHnHble BBIGOPpKU 6e3 MOBTOpeHMii (pa3merrenust).

IIpumep 6. Ilycts y nHac mmeerca 10 pasjmyHBIX HOBOI'OJHHUX ITOJAPKOB U 15 paszjimd-
HBIX ITOJApPOYHBIX MakeToB. JI100OM IMOJapOK MOYKHO IOJIOXKUTH B J11000# 1aker. CKOJIBKO
CYIIECTBYET CIoCcO00B yIIaKoBaTh mojgapku?! Kaxk um B IpeablayIux 3ajadax, MepBbIil MoIa-
POK MOXKHO TOJIOXKUTH B J1I000i m3 15 makeros. [jisi BTOporo mojapka ocTaHeTCsl HA BbI-
6op 14 nakeros. s tperbero — 13, g mocieanero — 6. Takum obpasoM, CyIIecTByeT
15-14-13-...-6 = 10897286 400 ~ 10'° croco6os ynaxosars mogapku. Vemonnsys 0603Ha-
Jenne pakTopuasia, 3TO 3HAYCHHE MOYKHO 3allUCATh CJIEIYIONNM 00Pa30M.

~15-14-13-...-6-5-4-...-1 15!

15-14-13-...- = —.
) s 0 5-4-...-1 5!




AHajiornaHOe COOTHOIIIEHNE TTOJIYIUM JIJIsi 1 IOJIAPKOB U k makeTukos. [lepsrriit ogapok
MOKHO yTIAKOBaTh B JII000i U3 k 1akeToB, BTOPOil — B JII0OOI n3 ocTaBimuxcs k — 1 makeTos,
TpeTuii — B OJINH U3 OCTABIIUXCA kK — 2 MAKETOB,. . . , IOC/IeIHII — B JIFOO0I U3 OCTABIIMXCS
k — n + 1 nakeros. [TosTomy Bcero Oymaer

k-(k=1)-(k—=2)-...-(k—n+1)=
k(k-1)-(k-2)-...-(k=n+1)-(k—=n)-(k—n—-1)-...-1 Kkl

(k—n)-(k—mn—-1)-...-1 ~ (k—n)!

c11ocoO0B yIaKOBaTh TOJIAPKHU.

ITpumep 7. B rocrunute 15 ognomectabix HOMEPOB. CKOJIBKO CIIOCOOOB CYIIECTBYET pacce-
JIATH 5 TIOCTOSIBIIEB [0 9TUM HOMepaM (KazKJblil TOCTOsIel] COOUPAETCs JKUTh B OTICJIBLHOM
omHOMecTHOM HOMepe). [lepBoro mocTosibiia MOKHO MOCEUTH B OJHY U3 15 KOMHAT, BTO-
poro — B oxny m3 14, TpeTrbero — B ofHy n3 13, 4yeTBepTOrO — B O/HY U3 12, maTOro — B
onny u3 11. ITosromy Bcero cymecryer 15-14-13-12- 11 = 360 360 criocoboB paccesnTsb 5
IIOCTOSJIBIIEB B 15 OJTHOMECTHBIX HOMEPOB.

ITpumep 8. CKOJIBKO CyIIecTByeT roceoBare/bHocTeit n3 0 u 1 JytuHbI n, cojepzKanmx k
nyneit u n — k emuauni?

IlepecTranoBKwu.

IIpumep 9. Ha kaproukax manucanbl yuciaa or 1 jgo 7. IlocMoTpuMm, CKOJBKUME CIIOCO-
OaMl MOYKHO BBIJIOXKUTb 9TH KapTO4YKU B psj. Ha mepBoe MecTo MOXKHO ITOMECTUTH O]l
Hy n3 ceMu Kaprodyek. Ha BTOpoe — onHy w3 1mectw,..., Ha HpEINOC]IeIHEE — OJHY W3
JIBYX, Ha IOCJe/IHee — OJHY OCTABIIYIOCHd KapTouky. Takum oOpa3oM, BCEro CyIIeCTBYET
7-6-5-4-3-2-1="7= 5040 criocob0B BBLIOKUTH 7 KAPTOUEK B PsiJL.

O6o6muM stoT tpumep. Ilycth y Hac nMmeercsd n pa3indHbIX MpeaMeToB. CKOIbKUMU
crrocobaMu MOXKHO UX yIIOPsIounTh (IporyMepoBarh)? Ha mepBoe MecTo MOXKHO OMECTUTH

1100011 U3 N IpeaMeToB, Ha BTOpPOe — JI000H M3 OCTABIIUXCS 1 — 1 IIPEIMEeTOB,. .., Ha k-e
MECTO MOXKHO IOMECTHUTh JII000i 13 ocTaBmmxcs n — k + 1 1peaMeTos,. .., Ha IOCIeIHee —
ofuH ocrapimiica mpeamer. A 3Hadnt, Beero cymecrsyer n! = n-(n—1)-...-2-1 = nl!

CII0COD0B YHOPAJOYUTDL 7 PA3/IMYHBIX IIPEJIMETOB.

ITpumep 10. 3ansaTme y Bac 3aKOHIMIOCH IyTh PAHBIIE U HUKOTO OOJIBIIIE B CTOJIOBOI HET
(8 ronormeit, 14 nesymex). CKOJIBKUMHI CIIOCOOAMU BbI MOXKET€ BBICTPOUTHLCS B OUepeib! B
COOTBETCTBUM C PACCYKJICHUSAMU, AHAJTOTHIHBIMA MPEIBIIYIINAM, TOJIyYaeM

221 = 1124000 727 777607 680 000 ~ 10?*

CHOCODOB.

ITpumep 11. A ecyim Ha TeEpBOE MECTO TTPOITYCTUM OJHY 13 feBytnek’! Torma mepsblil geioBeK
MOXKeT ObITh BbiOpaH 14 criocobamu, BTOpoit — 21 criocobom, Tpetnit — 20 criocobamu,. . .
[IPEIIOCIEIHIM MOXKET OBITH OJMH U3 JIBYX, a B KOHEIl BcTaeT octapiiuiics. [losyaaem

14-21-20-19-...-2-1=14-21' ~ 7-10%,.



1.4 Heynopsimouennbie BLIGOPKHU 6e3 MOBTOpeHnii (covueTanus).

IIpumep 12. Ha mosike crout 15 pa3inyHbIX KHUKEK, & B CYMKY IOMEIIAIOTCA TOJIBKO J.
CKOJIBKIME CITOCOOaMU MOXKHO B3$ITh 3 KHUKKH C TIOJIKH (B CyMKY)?

[IpemonokuM cHaYaIa, 9TO PACIOIOKeHre (MOPsIJIOK) KHIUKEK B CyMKe BaxKkeH. Torja
IIepBYIO0 KHM2KKY MBI MOYKEM B3STb OJIHY U3 15, BTOpyio — ofiHy u3 14, TpeTbio — OJIHY U3
ocrapmuxcs 13. To ecrsb Beero 15-14 - 13 crioco6os. Ilycrs Mbl B3y kamkku A, B, C. Ecin
OHU y HAC JIEKaT B CyMKe «Kydeii», TO yIOpsiIo9nTh Mbl BX MOxKeM 3! = 6 crocobamu. 3Ha-
YUT, KayKJIOMYy OeCHopsIOYHOMY HA0OPY M3 3 KHUKEK COOTBETCTBYET 6 yIOPSAI0YEHHBIX Ha-
60opoB. BaxkHO OTMETUTH, UTO pa3HBIM HEYIOPsI0YEHHBIM HAOOPaM COOTBETCTBYIOT Pa3HbIE
yHops09eHHble HaOOPBI. YMC/I0 yHOpAI09eHHBIX HA0OPOB MBI 3HAEM, MOITOMY IOJIydaeM,

9TO YUCJIO «KyYeK» PaBHO
15-14-13
— = 455.
1-2-3

O6006muM a1y 3a1a4y. [IycTs y HAC uMeeTcs n peJiMeToB, HaM HY2KHO BbIOpAaTh k U3 HUX.
|

Ecui 661 6611 BazkeH MOPsIZIOK IpeIMeToB (HampuMep, KHUTH Ha [TOJIKe ), TO OBLIO 6bI —————

n—k)!
c1rocoboB caenaTh BeIOOp. IlockombKy k MpeaMeToB MOXKHO YIOPSI0IUThH k! cnoco6(a,MH, T)O
KasKJI0i HeyIopsiJIOYeHHO# BBIOOPKE U3 k IPEeIMEeTOB COOTBETCTBYeT k! yIOpsIIOUeHHbIX Ha-
n!
kl(n —k)!
Jpyrumu cjoBaMu, OJHOM HEYyIOPsI0UE€HHOI BLIOOPKE k 9/1eMeHTOB 6€3 ITOBTOPEHUiT COOT-
BercTBYyeT k! yIopsioueHHbIX BRIOOPOK 0Oe3 MTOBTOPEHMIA, TO YMCJIO COYeTaHU 13 1 9JIeMEHTOB
1o k snemenTos, oboznadaemoe C* mpu n > k > 0 pasHo

60pOB. A 3HAYNT, CYIIECTBYET c11oco0OB BhIOpaATh k 3JIEMEHTOB U3 N.

n!

(n— k) k!

1.5 HeynopsigoueHHble BBIOOPKY C MIOBTOPEHUsIMU (COYeTaHUS C I0-
BTOPEHUSIMH ).

ITpumep 13. Ilpenogasarens 6epét nepes 3angruamu 10 mapkepos. OHu MOTYT OBITH Kpac-
HBIMU, CUHUMW, YepHBbIMU U 3esieHbiMUu. CKOJIBKO CIocOOOB B3dTh HaOop m3 10 mMapkepoB
cymectByeT? Bce Mapkepbl OHOTO I[BeTa OJIMHAKOBBIE.

HaaiiTe Bo3bMeM 10 MapKepoOB U Pa3JI0zKUM I10 4 «SIUKaM ¢ KPACKO». ¥ HAC MOy IUTCS
IIPUMEPHO CJIE/IYIOIIEE:

| 000, | 00 | 00 | 000
SN SN
K ¢ 9 3

nJIn Tak:

| 00000 | |oooo| o |
—— L I
K c q 3
WJIN JIa’Ke Tak (BCe-TaKW YEPHBIN [[BET MapKepa Ha JIEKIUU [IPE/IIOYTHTEIEH):

| | | 0000000000 | |.
Y T Y



B smobom ciaydae y Hac umeercst 10 MapkepoB U 3 «pasjesinTelis 10 1BeTaM» (Kpaiinue
BEPTHKAJIbHbIE TTAJIOUKH TI0JIOKEHHsI He MEHSIOT), KOTOPbIe Mbl U pacrojiaraeM Ha 13 mociie-
JIOBATEJIbHBIX MecTaX. A 3HAYUT, HAM HAJI0 BBIOpaThb U3 13 MecT 3 Jijisi «pasjieTuTeseins, a
OCTaJIbHBIE 3AIOJHUTH «MapKepaMU-KPyKOUKaMU» eIUHCTBEHHbIM crocobom. Crenarhb 3TO

3 13.12.11

moxkHO Cfy = =235 = 286 crocobamu.

O606muM sroT npuMep. IlycTh y Hac uMeeTcss n IpeMeToOB KOTOPbIe MBI XOTUM Pa3Jio-
JKUTH 110 k siimukaM (Ui, 9To TO ¥Ke camoe, packpacuTh B k 1ietoB). Torma onsars ke, HaM 1
npeaMeToB u k — 1 pasjiennresib HAJIO yHIOPSI09nuTh Ha N+ k — 1 Mecre. Boibpars mecta jijist
«pasiesmreieity MOXKHO Cﬁjr,lc_l criocobavu. Ha ocrajbHbIE N MECT 1 OJIMHAKOBBIX IIPEIMe-
TOB Pa3MeIaTcs eIUHCTBEeHHBIM 0bpa3oM. CieloBaTeIbHO, CYIECTBYET C’ff;,ﬁ_l €1I0Cco0OB
Pa3JI0KUATDH N IPEIMETOB 110 k AMMKAM.

Ecyin roBopuTh 0 BBIOOPKE, TO MOJIyYaeTCs, ITO Ha KaXKJIOM IIare Mbl BLIOUPAEM <«ATIHK»
(«1BET» ), KOTOpPBIE MOT'YT TOBTOPATHCS, U JIJIsi KOTOPBIX HE BaKEH TOPSJIOK BBIGOPA.

Mexk 1y MHOXKECTBOM BCEX COUYETAHUI C TIOBTOPEHUSIMU U3 N JIEMEHTOB 10 Kk 3JIEMEHTOB
U MHOKECTBOM BCEX JIBOMYIHBIX HAOOPOB IIUHBI N+ k — 1 ¢ k HyJIsIMH CJIeLyIomuM o0pa30oM
MOXKHO yYCTAHOBHUTDb B3aWMHO OJIHOZHAYHOE COOTBETCTBUE: BHIOOPKE, B KOTOPOil ki €JMHMUIIL,
ko nmBoex, ..., k, wncen n, k; >0 (i =1,...,n), ki + ...+ k, = k, coorBercTByer HAOOD,
B KOTOPOM CHadaJjia PaCIOJIOKEHbI ki HyJel, a 3aTeM IOCIeI0BaTeNbHO UId ¢ = 2,..., 1M
PAacIIoIo?KeHbI HAOOPBI, COCTOSIINE U3 €JIUMHUIIBI U CTOSIINX BCJe 3a Heil k; HyJeii:

0...010...01...10...0.

k1 ko kn

Takum 06pa3oM, YUCJIO MCKOMBIX BBIOOPOK pasho unciy CF k1 codeTanuii uz n + k — 1
9JIEMEHTOB 110 k 3JIEMEHTOB, T. €. YUCTTY

(n+k—1)!
(n—1)! k!
O606muM nmerotnuecs pesyabrarsl. [lycTs y Hac ecTh BeIOOpKa k mpeameTor u3 n. Torma

YHUCJIO CIIOCODOB CUNTACTCS CJIe YoM O6p&30M, B 3aBUCHUMOCTH OT TOI'O, YIIOPAJOYCHHAA
JIN BI)I60pKa n €CThb JIM IIOBTOPECHUA.

C IIOBTOPEHUAMU 6e3 TOBTOpEeHN
k n!
YHOPAIOYCHHDIC n m
oL _ (k+n=1)! Ok — n!
HEYIIOPAI0YCHHbIC ntk—1 — m n — —(n— k)R]

1.6 Emé npumepsbl

ITpumep 14. MoJiozbie JIF0/i PEIMIN MPOIyCTUTH BCEX JIeBYyIeK Biepes (cm. mpumep 10).
Torma ouepenb paciaaercs Ha jase yactu. CHavYaIa yIOPII0InBaeM Beex JeByinek 14! cro-
cobamu, a TTOTOM Beex foHorei 8! criocobamu. Vcmob3yst TpaBuio Mpon3Be/IeHUS TOTY YaeM,
YTO BBICTPOUTDH CYIIECTBYET

14! - 8! = 87178291 200 - 40 320 = 3515028 701 000 000 ~ 3.5 - 10*°

CII0COOOB BBICTPOUTHCSA B OUePeIb TAKUM 00Pa30M.



ITpumep 15. Ilocuuraem Tenepb CIIOCOOBI TIOCTABUTH HAIY TPYIILY U3 22 YEJI0BEK JIPyTUM
cioboM. Terepb OyjieM BbIOUpATH HE CJIEYIONIETO Ye/I0BEKa, KOTOPOr'o CTABUM B OYepPe/ib, a
MeCTO B OY€pe]IH JIJIS CIIETYIOIETO YeI0OBEKA, & JIIOJIM IIyCTh Y HAC KaK-TO Y2Ke 3aHyMepPOBaHbI.
[TepBoro 4esoBeka MOYXKEM TIOCTaBUTL K Kacce u Bce. Broporo — b0 mepe1 mepBbIM, JIHOO
nocyie. Tperbero — K Kacce, MEXKJIy JIByMsl ITPEJIbLIYIIIUMA UK B KOHEIl. [Ipu aToM Kark bt
CJIeTYIONINIT YeJIOBEK JIEJTUT «CBOM KycOdeK odepein» Ha jiBe JacTu. [loaTomy k-ro demoBeka
MOXKHO TocTaBuTh Ha k Mect. CJieoBaTeIbHO, U IIPU TAKOM CIIOCODE TOJCYeTa BApUAHTOB
umeeM 1-2-3-...-(n—1)-n=nl

IIpumep 16. Ilyctb B cT0JIOBOIT OTKpBLIACH BTOpasl U TPEThs Kacchl. Tenepb mepBoro de-
JIOBEKA MOYKEM IIOCTaBUTh B OJIHY U3 3 Kacc — TpH crocoba. Broporo — nubo B onny us
JIBYX IyCTBIX Kacc, JuOO B KACCy, I'Jle CTOUT IEPBBIA, MPUIeM JIBYMsI CIIOCODAMU: IO MJIN
nocsie Hero. Takyke Kak W B MPEJBIAYIIEM IPUMeEpe, KaxKJIbll YeJ0BEK JEJTUT «CBOU KyCO-
YeK Ovepe/iny Ha JIBE YaCTU. A 3HAUNT, JId KayKJIOTO CJIEIYIOIIEro 9eI0BeKa CyIecTByeT Ha
OJINH BapWaHT IOCTAHOBKM OOJIBINE, UeM JIid IpeablIyiero. B pesyibrare mogydaem, 9To
CYIIIECTBYET

1-2-3-4-5-...-22.23-24
1-2 N

24!
=5 = 620 448 401 733 239 439 360 000 ~ 6 - 10*

3-4-5-...-22-23-24 =

CHOCODOB IIOCTABUTDH 22 4YeJIOBEKa B 3 KAaCChl.

O6o6rmuM 3ToT NpEMep. Terepb MbI XOTHM IIOCTaBUTH 1 4dejioBeK B k kKacc. Ilepsoro
YeJI0BEKAa MOXKEM IIOCTaBUTh B JIIOOYIO n3 k Kacc. Takyke Kak U B HPEIAbIYIIUX CJIYUALAX,
Tak>ke Kak U B NPEJIBIIYIIEM ITPpUMepPe, KaXKIbIil Ye/IOBEK JIEJIUT «CBOH KYCOYEK O4epejin»
Ha J[BE YaCTU. A 3HAYWT, JIJIsT KaXKJI0TO CJIEIYIOIIEero YejI0BeKa CyIeCTBYeT Ha OJINH BapUaHT
ITOCTAHOBKH OOJIbINE, YeM JIjIsd TpeJiblayero. B pesyabrare moaydaeM, 9To CyIIECTBYeT

kEk+1)(k+2)-...-(n+k—1)=
:12_”-@—UMk+Dw+m-m-m+k—U_jn+k—m

1-2-...-(k—1) (k=)

CII0COOOB TIOCTABUTDH 71 U€JIOBEK B Kk Ouepe/ieil.

IIpumep 17. Ilocunraem, CKOJILKUME CIIOCOOAMU MOYKHO PACCTABUTDL 7 KHUT Ha 3 MOJIKAX.
B manHOM ciydae HaM HOPSIOK BayKeH, IO9TOMY 3aJlavda ITOX0XKa Ha PACCTAHOBKY JIOJEH B
odepein. B Takom cirydae mosrydaem

|
3-4-...-8-9:%:181440

CII0COOOB pacCTaBUThL 7 KHUT Ha 3 IOJIKAX.

0060061115, MOIYIUM CJIEAYIONLYI0 POPMYIIY s YIOPIOYEHHBIX BBIOOPOK 0e3 IOBTOpe-
unii. [lepBolit 3/1eMeHT MOXKHO BBIOpATH N criocobamMu, BTOPOi jieMeHT — n — 1 crocobamu,
..., k-it anemenT — n — k + 1 crocobamu. Takum obpazom 00IIIee UUCI0 CIIOCOOOB BHIOOPA
paBHO

n(n—l)...(n—k+1):m.



1.7 CpoiicTBa bmHOMHAJBHBIX KO3(MOUIIMEeHTOB

1.7.1 CsoiicTBa covyeranuii 6€3 NOBTOPEHMIT

1. Ecrm k > n mm k < 0, To C* = 0.

2.C) =Cr=1.

3. g moboro nesnoro k, 0 < k < n, cupasepmso pasencrso CF = Cn=F,

4. @yuknus f(k) = Ck nenounciennoit nepemennoit k Bozpacraer na muozkectse {0, . .., [n/2]}
u yopiBaeT Ha Muoxkectse {[n/2],...,n}.

5. Brimostasiercst paBeHCTBO
k _ k-1 k
C,=0C"7+C,_,.

6. ,D;Jlﬂ JIIOOOTO HEHYJIEBOT'O X 1 IIPOU3BOJILHOI'O IIEJIOI'O HEOTPUIIATEJILHOI'O 7 CIIPABEIJINBO

pasenctBo (6mrom HeioToHa):
n

(1+2)" = ZCﬁxk

k=0

7. Bepubl paBeHcTBa

3

i(_l)kc’r]z’ — 17 €eCJiIn N = O’ ’
0, ectun>1,

8. Tpeyrospuuk I[lackaJis.

Barmrrem GnHOMUAIBHBIE KOXDMUIMEHTHI TI0 CTPOKaM, Tak, YTO B i-0ff CTpOKe (HyMe-
panus uiéT ¢ Hy/s) OygeMm 3anuchbiBaTh KO(MQUINEHT! ¢ HIUZKHAM HHJEKCOM i, a BEpXHUE
Oy/IyT UTU B TIOPsJiKe Bo3pacTanusd oT 0 J1o0 i.

Co
o o
g o
s Cs 3 &
3 Ci Ci Ci Ci
C? Ci C? C3 Cd C:
R i C} i C? i cs i Cy i Ce i Ccg
6 6 6 6 6 6 6
C? Ci c? & Cs c? C? o

0 Cg 1 Cg 2 082 3 Cg 4 Cél 5 085 6 086 7 Cg 8 088 9
C, Cy Cs Cs Cs Cs Cq Cy Cs Cy

Ecym zamumeM ynciieHHbIe 3Ha4Y€HUA, TO IIOJIyIUM



1 1
1 2 1
1 3 3 1
1 4 6 4 1
1 5 10 10 5 1
1 6 15 20 15 6 1
1 7 21 35 35 21 7 1
1 8 28 56 70 96 28 8 1
1 9 36 84 126 126 84 36 9 1

1 10 45 120 210 252 210 120 45 10

1.7.2 CsoiicTBa coyeTanuii ¢ HOBTOPEHUSIM.
1. Yucjio HeOTPUIIATEILHBIX 1IE€JIOUNC/TIEHHBIX PEIICHUl ypaBHEHU
Zl+22+...+2n:k‘

PaBHO YHCJIy COYETAHUIT C HOBTOPEHUAMM U3 1 3JIEMEHTOB 110 k 3JIeMEeHTOB, T. e. paBHO C* k1"

2. Tuc/10 MOHOTOHHBIX 0TOOpaskenuit' ) uz muoxkecrsa {1,2, ..., k} B Muoxectso {1,2,...,n}
PaBHO YHCITy COYETAHMIT C TOBTOPEHNSMHI U3 7 3JIEMEHTOB I10 k 3JIEMEHTOB, T. €. paBHo CF k1"

> Mesk 1y MHOMXKeCTBOM 13 Beex OF tk—1 JABOMYHBIX HAOOPOB JUMHLL .+ k — 1 ¢ k eauHu-
[AME ¥ MHOXKECTBOM MOHOTOHHBIX OTOOpaKkenuil 3 muoxkectBa {1,2, ..., k} B MHOXKeCTBO
{1,2,...,n} crenyromum 06pa3soM yCTAHOBUM B3aUMHO OJIHO3HaTHOE cooTBeTcTBHE. [lycTh B
nabope jguubl N+ k — 1 ¢ k equHunaMu 9ucio Hyseil 10 IepBoil e UHUIBI PABHO 7', TUCJIO
HyJIell, pacIoI0yKEHHBIX MEXKJIy eJIMHUIAMU ¢ HoMepaMu ¢ — 1 u 4, ¢ = 2, ..., k, paBHO 1;:

0...010...01...10...010...0.
—_— N~ ——

1 T2 Tk
CootsercrByolmee 3ToMy HabOpY MOHOTOHHOe oTobaxkenue f u3 muoxkectBa {1,2,...,k} B
MHOKeCTBO {1,2,...,n} 3a1aercss TakiuM 0OPa3OM:

s)=1+Y r, s=12.. k

JIerko moHATh, 9TO U 110 MOHOTOHHOMY OTOOParKEHUIO MCXO/IHBII HADOp BOCCTaHAB/INBAETCH

OJHO3HAYHO. O
3. dus sioboro marypaasaoro n pu 0 < |z| < 1 cupaBeinBo paBeHCTBO

(1—2)™" Z ntk— 1x

k

> YcranoBuM KO3(MMUITUEHT MIPU CJIaraeMoM T MOCJje pacKpbIBaHUsA CKOOOK U IIPUBEJIC-

HUA HO,ILO6HI)IX CJlara€MbIX B BbIpazK€HHNUN

A4+z+2*+..).. . (I+z+2*+..).

n pa3

1) Orobparkenne f Ha3bLIBACTCS MOHOMONHBLM, €CITH I TIOOBIX a U b 13 00JACTH OMpeieeH st 0ToOpa-
JKeHusl [ w3 HepaBeHCTBa a < b cienyer nepasencTro f(a) < f(b).
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Ecan kakoe-i1u60 BbIpazKeHHne B CKODKax He JaeT «BKJIa/Jd» B KOHKPETHOE CJlaraeMoe Ik, TO

CUUTAEM, UTO ITO BbIpaKeHHe He BXOJHUT B BBIOOPKY, a ecyu jaeT Bkaag z°, 1 < s < k,
TO — BXOJHT ¢ KPaTHOCTBIO S. Torma Kosbdument npu ¥ copmajaer ¢ 9ucioM codeTanuit
C TIOBTOPEHUSIMH U3 7. JJIEMEHTOB 110 Kk 3JIEMEHTOB. U

Tenepb mpeobpasyem BbIpazkKeHne U3 CBOMCTBA 3 COUETAHUI ¢ IOBTOPEHUSIMU CJIE/LY FOIITIM
obpaszoM:

Y “(n+k-Dn+k-2)...n ,
I—az)"=1+> o ok =
k=1

o0
(—n)(—n—-1)...(—mn—k+1) X
=1+ E (—x)".
k!
k=1
Takum o6pazoM, popMysibl U3 CBOjicTBa 5 codeTanuii 1 U3 cBoiicTBa 3 coYeTaHuii ¢ IOBTO-
PEHUSAMH SABJISIIOTCS 9ACTHBIMU CJIydasiMi U3BECTHOIO M3 Kypca MaTeMaTHIeCKOro aHaJIn3a

U CIIpaBe/[JINBOrO Jist JF0boro JeiicrBuresibHoro « pu 0 < |z| < 1 pasioxkeHust

(1+2)*= i (i)x’“

k=0

() -n () e

O‘{eBI/I,ILHO, 9TO JIJIdd BCEX IEJIbIX HEOTPpUIATE/JIbHBIX 1 U k BEPHO PaBEHCTBO

ck = (Z)

2 ®@opmyJia BKJIIOYEHUIA-NCKIIOYEHNI

rae

i Havasa paszdepéM 3aj1ady:

ITpumep 18. Haiitu unc/io mesbix MOJOXKUTEIBHBIX 4ncesi, He mpeBocxojsux 1000 u ne
HeAIuxcs HA Ha OJHO U3 duces 2, 3, 5 u 7.

Jlist peritenust 9TOi 331491 MOCUUTAEM BCE UHCJIa, KOTOPbIE JIEISATCsS XOTs Obl Ha OJIHO U3
quces 2, 3, 5 u 7, a 1oroM BbruTeM 310 KosmdectBo w3 1000. [s navasa mocuanraeM, CKOJIHKO
MTOJIOYKUTENBHBIX unces1, He mpeBocxoagammx 1000, nenured Ha 2, 3, 5 U 7 MO-OTAETBHOCTH:

1000 1000 1000 1000
—— | =5000; Ny=|——|=333; Ny=|——|=200; N;y=|——| = 142.
2 3 5 7
Ecsin Mb1 GyjieM cauTaTh CyMMy 9THX YHCE]I, TO HEKOTOpbIe dncia (Hanpumep, 6, 10, 14,
30) OyayT MOCYMTAHBI HECKOJBKO pa3. UTOOBbI yuecTb 3TO, MOCYUTAEM KOJUIECTBO UHCEI,

KOTOpPbIE JEeJIATCA Ha 2 umcaa:

|

1000 1000 1000
1000 1000 1000
N = —_— p— . N p— —_— p— 4 N N p— —_— = 2 .
35 |: 15 :| 667 37 |: 21 :| 77 57 |: 35 :| 8



A Takzke Ha 3 4mcaa:

1000 1000 1000 1000
Nosgs = |—— | =33; Nogr=|——| =23; Nosr=|——|=14; Ny5r=|——| =
235 { 30 } 33; 237 { 1o } 3; 257 { =0 } ; 357 {105}
1000
Hakownern, na Bce 2, 3, 5 u 7 Oyner jgenutbess Nogsr = 310 = 4 qucia.

Torma guces, KoTopble jendarcd Ha 2, 3, b u 7 Oyjer

(N2 4+ N3 + N5 + N;) — (Naz + Nas + Noz + Nas + N3z + Ns7)+
+(Nass + Nasz + Nosz + Nasz) — Nagsr = (500 + 333 + 200 + 142)—
(166 -+ 100 + 71 + 66 + 47 + 28) + (33 + 23 + 14 + 9) — 4 = 772,

[Tokazkem, 9TO B 3TO# CyMMe YUTEHO KarK/I0e HUMCJI0, KOTOPOe JEJIMTCst XOTs Obl Ha OJHO U3
qucest 2, 3, b u 7, IpuuéM poBHO 110 OJTHOMY pa3y. Paccmorpum 4 ciydas:

1. IlycTh HEKOTOpPOE YHUCJIO JAEJIUTCS TOJBKO Ha OJIHO mM3 4ucesa 2, 3, 5 uau 7. Torma ono
Oy/IeT yITeHO TOJIbKO OJIMH Pa3 B IEepBOil CKOOKe.

2. IlycTb HEKOTOpOE YUCIIO JIeJIUTCA POBHO Ha JiBa yucya us 2, 3, b wiu 7. [Iycrs, nampu-
Mep, OHO JIeJuTcst Ha 3 U Ha 5 (OCTajbHBIE CIIydal PacCMaTPUBAIOTCS aHAJIOTUIHO).
Torma 310 uncao Mel mocuuTaeM B N3 1 B N5 co 3HaKOM «+» U B N35 CO 3HAKOM «—».
A 3HAYUT, BCEro OHO OyJIeT yUITEHO OJIUH Pa3.

3. IlycTh HEKOTOPOE YUCIIO JIEJIUTCA POBHO HA TPH uucia us 2, 3, b wiau 7. [lycrs, nampu-
Mep, OHO JIeJIUTCs Ha 2, Ha b 1 Ha 7 (OCTajbHBIE CJIydan PacCMaTPUBAIOTCS aHATIOTHY-
HO). Torzma sro unciao mer mocuanrtaem B No, B N5 u B Ny co 3HAKOM «—+», B Nos, N35 u
N5z co 3HAKOM «—» U B Nog7 €O 3HAKOM «+». CJie/IoBATEILHO, 3TO YUCJIO OyJIeT YITEHO
OJIUH Pa3s.

4. Tlyctb HEKOTOpPOE YUCJIO JIETUTCA POBHO Ha 2, 3, 5 u 7. Toria 3T0 4nc/o yauThiBaeTcs B
KazKJIOM cJiaraeMoM. B BeIpakeHNH 8 MOJI0YKUTETBHBIX U 7 OTPUIATETHLHBIX C/IaraeMbIX,
a 3HAYUT, 9TO YUCJIO TaKyKe Oy/IeT YUTEHO POBHO OJIMH Pas.

Taxum 0Opa3oM, YUCIO TEJBIX HOJOXKUTEIbHBIX 4nces, He npeBocxoadmux 1000 u me
JeJSIIXC HU Ha OJHO U3 vucest 2, 3, 5 u 7, papao 1000 — 772 = 228.

B npumepe ?? dakruuecku ncrosb3oBaach opMmysia BKIIOUEHHN-UCK/odeHuit. Pac-
CMOTPHUM €€ B OOINEM BH/IE.

[Iycth ecTh N 1IpeJIMETOB U CBOWCTBA Py, . . . , Pp. KaKJIblil IPEIMET MOXKET OJTHUMU CBOii-
cTBaMH 00J1a7aTh, a JAPYyruMu He objagarh. ObozmadmM depes N;,  ; KOJIHIECTBO IPEJ-
METOB, KOTOPbIe 00JIaIal0T CBOHCTBAMHE P;,, . . ., P;, (0OJIaaHIe OCTAIbHBIME CBOfCTBAMI —
IPOU3BOJIBHOE).

Hepez N(r) 0603HAYNM 9HCIO TIPEIMETOB, 06/IaIaI0MNX POBHO 1 cBoficTBamu. [Tosoxkim

S():N, Sk: Z Nih---,ik (k?: 1,...,n).
1< <...<1p<n

31eck 0c000 oTMETHM, 9TO S — IPOCTO yI0OHBIE 0003HAYEHHSI, CIIOCOOCTBYIOIIHE YMEHbIIIe-
HUIO I'POMO3JIKOCTHU BBIKJIQJOK, HE CTOUT 3a HUMHU YyCMaTpUBaTDb KaKOI-TO CaKpaMeHTa.HbeIfI
CMBIC/I.
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Teopema 1. Cnpasedauso pasencmeo

n

N(0) =) (-1)"S;.

k=0

Zloxazameavcmeo. Ilokaxkem, 9T0 KaxKJIblil TPeJIMET JaeT OJMHAKOBBIN BKJIaJI IIPH TI0J/ICYETe
JIEBOMI M IpaBOi JacTeil ycTaHaB/JIMBAEMOI'0 PaBEHCTBA.

[Iycth mpeamer He obsajiaeT HU ojgHUM cBoiicTBoM. Tora BKJIaJ B JIeBYIO 9acThb Oy/IeT
paBeH 1, BKJIaJ| B MpaByIO 9acTb Oy/ieT HEHYJIeBbIM TOJBKO B ciiaraemoe Sy = N, cOOTBeT-
CTBYIOIIIee MOIITHOCTA MHOYKECTBa BCEX MPEIMETOB, U 3TOT BKJaJ] TOXKe paBeH 1.

ITycte nmpenmer obmagaer s cpoiicrBamu, 1 < s < n, u 3T0 CBOWUCTBA pj,, ... ,P;,. Loria
JAHHBI IIPEIMET JaeT HeHy/IeBoil (e JUHUYHBIN) BKIa B cjaraeMoe IV;, ;. TOLJa U TOJBKO
TOTJ1a, KOTJla BEPHO BKJIFOUEHUE

{i1, . i} S {1, Jst

Bxya sToro nmpeamera B JI€BYIO YaCTh paBeH HYJIIO, & B IIPABYIO —

Z<_1)t0§7

T. €. BKJIaJ TOXKe HYJICBOIA.
CyMMupys 110 BCeM IIpeJiMeTaM JIOKa3aHHbIE PABEHCTBA BKJIAJOB B JIEBYIO U IIPABYIO
YacTh, MOJIy4YaeM CIPaBEJIMBOCTh UCXOJIHOI'O PABEHCTBA. [

[Tepecdbopmysinpyem dhopmy/y BKIFOUEHUNR-UCKTIOUCHUI B TEPMUHAX MHOXKECTB.
CrpaBeI/IiBO paBEHCTBO

AT UL UA =)A= > AL N Al + ...
=1 1<i1<i2<n
A EDET Y A NN A+ (CD)MT AL NN A

1<iy <...<ip<n

ITpumep 19 (3amava o Gecniopsinkax). Haiiti TouHOe 3HAUEHNE YHCIA TIOJCTAHOBOK 0 CHM-
METPHYECKON IPYIIIBI S, YI0BIETBOPAIONINX yCI0BUIO 0 (i) # i st Beex i, 1 < i < n.

Yro mpoun3oiijieT, ecim CyMMY U3 IIPaBoOil YacTu (hOPMYJIbl BKIIIOYEHUNH-UCKTIOYeHI T 060-
pBaTh Ha KaKOM-1i00 ciaaraeMoM? OKa3bIBAETCs, U9TO €CJIN HOCJe/Hee BBIITICAHHOE CJIarae-
MO€ TIOJIOXKUTEJIbHOE (TOYHEee, OHO COOTBETCTBYET Y€THOMY YHC/IY CBOHCTB), TO MOJIYYaeTcs
orierka Besmanabl N (0) cBepxy, a B IPOTHBHOM CJIydae — CHU3Y.

Teopema 2 (Hepasencrsa Boudepponn). Jlaa awbozo 1, 0 <1< |(n—1)/2]

2ZZH(—D’*“Sk < N(0) < 22(—1)’“&.
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Joxazameavcmeo. st KazK10ro n3 HEpaBeHCTB 110/I00HO JT0KA3aTeILCTBY (DOPMYJIbl BKIIFOUEHU -
UCKJIIOUYEHUN JIOCTATOYHO YCTAHOBUTH COOTBETCTBYIOIEE HEPABEHCTBO JIJIST BKJIQJIOB B JIEBYIO

U IPaBYIO YacTh JJOKa3bIBAEMOI'O COOTHOIIEHMS KaxKJI0ro u3 mpejmMeroB. HykHoe HepaBeH-
CTBO JIETKO CJIe/IyeT U3 PABEHCTBA

k=0
(TpeTbe paBeHCTBO CBOicTBa 6 coueTaHmii). O

Tak:ke anajlornaao ¢gpopmysie BKJIIOYEHNH-UCKIIOYEHNT MOYXKHO YCTAHOBUTH CIIPaBE]IIN-
BOCTDH CJICAYIONINUX YTBEPXKICHUN.

Teopema 3. Cnpasedausv, pasencmea

- k
N(r)y =Y (=1)Fr
(=20 )
- E—1
o _1\k—r
Ner = 20 (2 )i

2de N>, — Koauuecmseo npeomemos, 06Aa0a0uur He Menee Yem T C60UCTNEAMU.

IIpumep 20. Jlokazatb Teopemy 77.

O6o3naqnM yepes p(m) GyHKIHo Diliepa, TUCIEHHO PABHYIO KOJUIECTBY HATYPATbHBIX
Yuces, He TPEBOCXOJIAININX 1M U B3aUMHOIIPOCTHIX C M.

Teopema 4. [lycmv m = p’fl .. .pfln — PABNOHCEHUE YUCAA M HA NPOCTIBLE MHONCUMENU.
Toz0da . .
em)=m(l——]...[1——
P1 Pn

Zoxazameavcmeo. 1lpumerum popMysry BKIIOUEHUIH-UCKIIOUEHNN, TTOJI0KUB N = m 1 ¢4u-
Tasl 1-M CBOWCTBOM JIEJIUMOCTb Ha p;, ¢ = 1,...,n. Torma nmeem:
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