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1 (1 + 1 + 1). Consider system

ẋ = x− 3y, ẏ = 3x+ y, (1)

where (x(t), y(t)) ∈ R2.

(a). Find complex number λ = α + iω such that system (1) is equivalent to equation

ż = λz, (2)

where z(t) = x(t) + iy(t), x(t) and y(t) are real.
(b). Find a solution of equation (2) with initial condition z(0) = z0, z0 ∈ C.
(c). Find a solution of equation (1) with initial condition x(0) = x0, y(0) = y0, (x0, y0) ∈

R2.

2 (1 + 2 + 1). Assume that real 2× 2 matrix A has two distinct complex conjugated
eigenvalues λ = α + iω and λ̄ = α− iω. Let v be eigenvector corresponding to λ.

(a). Prove that v̄ is eigenvector corresponding to λ̄.
(b). Prove that complex vector-functions w(t) = veλt and w̄(t) = v̄eλ̄t are solutions of

di�erential equation
ẇ = Aw, (3)

where w(t) = (x(t), y(t)) ∈ C2.
(c). Prove that real vector-functions Rew and Imw are also solutions of di�erential equa-

tions (3). (Hint: express Rew in terms of w and w̄.)

Remark 1. Any real solution of (3) can be expressed as linear combination of Rew and

Imw with real coe�cients.

3 (3 points each). Using previous problem and remark, �nd all real solutions of the fol-
lowing systems. Detect their types according to the classi�cation (saddle/node/center/focus)
and their stability in cases of node and focus.

(a). ẋ = −x− 2y, ẏ = 4x+ 3y;
(b). ẋ = −x− 5y, ẏ = x+ y;
(c). ẋ = 8x+ 25y, ẏ = −2x− 6y;
(d). ẋ = 5x+ 4y, ẏ = −10x− 7y.

4 (4). For which value of parameter α the following system has singular point of type
center?

ẋ = αx+ 2y, ẏ = −5x− 3y
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