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Ñîâìåñòíûé áàêàëàâðèàò ÂØÝ�ÐÝØ, 2012/13 ó÷. ãîä
Ëèíåéíàÿ àëãåáðà
Ñåìèíàð 9: íèëüïîòåíòíûé îïåðàòîð, æîðäàíîâà êëåòêà (20 ìàðòà 2013 ã.)

Çàäà÷à 1 (Ñâîéñòâà íèëüïîòåíòíîãî îïåðàòîðà). Ïóñòü

A =


0 1 0 0
0 0 1 0
0 0 0 1
0 0 0 0

 .

(a) Íàéòè Ae1, Ae2, Ae3, Ae4, ãäå e1, e2, e3, e4 � ñòàíäàðòíûå áàçèñíûå âåêòîðû â
R4.

(b) Íàéòè An, ãäå n�ëþáîå íàòóðàëüíîå ÷èñëî.
(c) Íàéòè Av, ãäå v = x1e1 + x2e2 + x3e3 + x4e4.
(d) Íàéòè P (A), ãäå P (x) = a0 + a1x+ . . .+ anx

n.

Çàäà÷à 2 (Ñâîéñòâà îïåðàòîðà λE). (a) Êàê âûãëÿäèò ïðîèçâåäåíèå ìàòðèö (λE)A,
A(λE)?

(b) Äîêàæèòå, ÷òî äëÿ ëþáîé êâàäðàòíîé ìàòðèöû ïîäõîäÿùåãî ðàçìåðà (λE)A =
A(λE).

(c) Ðàñêðîéòå ñêîáêè â âûðàæåíèè (A+ λE)3, ãäå A�íåêîòîðàÿ ìàòðèöà ïîäõîäÿ-
ùåãî ðàçìåðà.

(d) Äîêàæèòå, ÷òî äëÿ âûðàæåíèÿ (A + λE)n ìîæíî ïðèìåíÿòü ôîðìóëó áèíîìà
Íüþòîíà.

(e) Íàéäèòå (N + λE)n, ãäå

N =


0 1 0 · · · 0
0 0 1 · · · 0

0 0 0
. . . 0

...
...

...
. . . 1

0 0 0 · · · 0


�íèëüïîòåíòíûé îïåðàòîð ñîîòâåòñòâóþùåãî ðàçìåðà.

(f) Äîêàæèòå, ÷òî åñëè äëÿ ëþáîé êâàäðàòíîé ìàòðèöû A ïîäõîäÿùåãî ðàçìåðà
AB = BA, òî B = λE.

(g) Äîêàæèòå, ÷òî åñëè ëþáîé âåêòîð ÿâëÿåòñÿ ñîáñòâåííûì âåêòîðîì ìàòðèöû B,
òî B = λE.

Çàäà÷à 3. (a) Ïóñòü A =

3 1 0
0 3 1
0 0 3

. Íàéäèòå A2, A3, An.

(b) Ïóñòü A =

2 1 0
0 2 0
0 0 2

. Íàéäèòå A2, A3, An.
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(c) Ïóñòü A =


3 1 0 0 0 0
0 3 1 0 0 0
0 0 3 0 0 0
0 0 0 2 1 0
0 0 0 0 2 0
0 0 0 0 0 2

. Íàéäèòå A2, A3, An.

Çàäà÷à 4. Äàíà ìàòðèöà

A =


1 −3 0 3
−2 −6 0 13
0 −3 1 3
−1 −4 0 8

 .

(a) Íàéäèòå ñîáñòâåííûå ÷èñëà ìàòðèöû A è èõ àëãåáðàè÷åñêèå êðàòíîñòè.
(b) Äëÿ êàæäîãî ñîáñòâåííîãî ÷èñëà λ íàéäèòå ðàçìåðíîñòè ÿäåð ìàòðèö A − λE,

(A − λE)2, (A − λE)3 è òàê äî òåõ ïîð, ïîêà íå âûÿñíèòñÿ, êàêîé âèä èìååò
æîðäàíîâà íîðìàëüíàÿ ôîðìà ìàòðèöû A.
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