
ÂØÝ�ÐÝØ, 2012/13, ¾Ëèíåéíàÿ àëãåáðà¿

Ñîâìåñòíûé áàêàëàâðèàò ÂØÝ�ÐÝØ, 2012/13 ó÷. ãîä
Ëèíåéíàÿ àëãåáðà
Ñåìèíàð 5: ìåòîä Ãàóññà è íå òîëüêî (20 ôåâðàëÿ 2013 ã.)

Çàäà÷à 1. Äàíî ïîäïðîñòðàíñòâî L ⊂ R4, L = 〈v1, v2, v3, v4〉. Âûïèøèòå áàçèñ L
(èñïîëüçóéòå ìåòîä Ãàóññà):
(a) v1 = (0, 1, 0, 2), v2 = (3, 2, 2, 7), v3 = (0, 4, 0, 3), v4 = (1, 5, 1, 5)
(b) v1 = (0, 1, 0, 2), v2 = (3, 2, 3, 7), v3 = (0, 4, 0, 3), v4 = (1, 5, 1, 5).

Çàäà÷à 2. Ðåøèòå ñèñòåìó ëèíåéíûõ óðàâíåíèé:

(a)


x2 + 2x4 = 2

3x1 + 2x2 + 2x3 + 7x4 = 19
4x2 + 3x4 = 3

x1 + 5x2 + x3 + 5x4 = 10

(b)


x2 + 2x4 = 3

3x1 + 2x2 + 3x3 + 7x4 = 15
4x2 + 3x4 = 8

x1 + 5x2 + x3 + 5x4 = 12

(c)


x2 + 2x4 = 3

3x1 + 2x2 + 3x3 + 7x4 = 15
4x2 + 3x4 = 7

x1 + 5x2 + x3 + 5x4 = 12

Çàäà÷à 3. Ïóñòü ìàòðèöà A åñòü ìàòðèöà ëèíåéíîãî îïåðàòîðà f : L → M (äëÿ
íåêîòîðûõ ôèêñèðîâàííûõ áàçèñîâ â ïðîñòðàíñòâàõ L è M). Êàêîâû ðàçìåðíîñòè
ïðîñòðàíñòâ L è M? Íàéäèòå f(v):

(a) A =

1 0 1
2 1 0
0 1 2

, v = (1, 5, 3); (b) A =

(
0 2 1
2 1 3

)
, v = (2, 1, 0).

Çàäà÷à 4. Ïóñòü A�ìàòðèöà ëèíåéíîãî îïåðàòîðà f : L→ M . Íàéäèòå dim Im f è
dimKer f �ðàçìåðíîñòè îáðàçà è ÿäðà îïåðàòîðà f :

(a) A =

 0 1
−1 0
1 −1

, (b) A =

1 2 2 4
2 1 2 3
2 2 1 3

.
Çàäà÷à 5. Ðàññìîòðèì òðè ëèíåéíûõ ïðîñòðàíñòâà: M1, M2, M3. Ïóñòü â êàæäîì èç
íèõ çàôèêñèðîâàí êàêîé-òî áàçèñ. Ðàññìîòðèì ëèíåéíûå îòîáðàæåíèÿ f : M1 → M2

è g : M2 →M3. Ïóñòü îòîáðàæåíèå f çàäàåòñÿ ìàòðèöåé A è îòîáðàæåíèå g çàäàåòñÿ
ìàòðèöåé B:

A =

(
1 3
5 7

)
, B =

(
2 1
5 2

)
Ïîëîæèì h = g ◦ f (òî åñòü h�ðåçóëüòàò ïîñëåäîâàòåëüíîãî ïðèìåíåíèÿ f è g;
èíûìè ñëîâàìè, h(v) = g(f(v))).
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(a) Äîêàçàòü, ÷òî h�ëèíåéíîå îòîáðàæåíèå.
(b) ×åìó ðàâíÿåòñÿ f(1, 0)? g(f(1, 0))?
(c) ×åìó ðàâíÿåòñÿ f(0, 1)? g(f(0, 1))?
(d) Çàïèñàòü ìàòðèöó äëÿ ëèíåéíîãî îòîáðàæåíèÿ h. Îíà íàçûâàåòñÿ ïðîèçâåäåíèåì

ìàòðèö BA.

Çàäà÷à 6. Äëÿ ìàòðèö A è B íàéäèòå èõ ïðîèçâåäåíèÿ AB è BA:

(a) A =

(
1 3
5 7

)
, B =

(
2 1
5 2

)
(b) A =

(
0 3 1
5 2 0

)
, B =

2 1
5 2
2 0

.
Îïðåäåëåíèå 1. Ìíîæåñòâî ìàòðèö n íà k ñ ýëåìåíòàìè â ïîëå âåùåñòâåííûõ ÷èñåë
îáîçíà÷àåòñÿ Matn×kR.

Çàäà÷à 7. Êàêèå èç ñëåäóþùèõ ìíîæåñòâ ñ îïåðàöèÿìè ÿâëÿþòñÿ ïîëóãðóïïàìè?
(Ïîëóãðóïïà � ýòî ïî÷òè òî æå ñàìîå, ÷òî ãðóïïà, íî áåç òðåáîâàíèÿ ñóùåñòâîâàíèÿ
îáðàòíîãî ýëåìåíòà.)

(a) {Matn×kR,+}, (b) {Matn×nR,×}, (c) {Matn×kR,×}.

Çàäà÷à 8. Åñëè çàïèñàòü ìàòðèöó A, ïîìåíÿâ ìåñòàìè ñòðîêè è ñòîëáöû, ïîëó÷èòñÿ
òðàíñïîíèðîâàííàÿ ìàòðèöà AT .

(a) A =

0 1 3
2 5 7
4 7 −5

. Íàéäèòå AT .

(b) Äîêàæèòå, ÷òî (AB)T = BTAT (ïðîâåðüòå, ÷òî ýëåìåíòû ñòîÿùèå i-îé ñòðîêå â
j-îì ìåñòå â ìàòðèöàõ ðàâíû)

Çàäà÷à 9. Ïóñòü â ïðîñòðàíñòâå L èìåþòñÿ äâà áàçèñà: E = (e1, e2, e3) è E ′ =
(e′1, e

′
2, e
′
3), ñâÿçàííûå ñëåäóþùèì îáðàçîì:

e′1 = e1 + e2 + e3, e′2 = e1 − e2 + e3, e′3 = e1 + 2e3.

Íàéòè êîîðäèíàòû â áàçèñå E âåêòîðà v, èìåþùåãî ñëåäóþùèå êîîðäèíàòû â áàçè-
ñå E ′:

(a) (1, 0, 0), (b) (0, 1, 0), (c) (1, 2, 3), (d) (x1, x2, x3).
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